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ABSTRACT

The Inelastic strexs-sivain relarionship of concrete
nidder compressive loading is difficult to express in
mathematical lerms. In fexural analysis and design
of retnforced concrele sections, o number of
simplified shapes have been proposed to dare for
the concrete compression bock, The parabolic-
recrangnlar az well av the rectangwlar sivess blocks
areameng the mosi common ones, fn this study, the
effect of assuming o parabolic-rectangular or
reciangwlar shape of the concrete compression
block an the analysls and design of reinforced
concrete beams hay been imvestigated. Analvtical
expressions are derived far the stael reinforcemant
ritfto, the concrefe compressive force coeflicient
and the dexign bending momen! coefficient and the
corresponding graphs are plotted in parallel It is
alva shown with the aid of examples that the
selocted shape of the concrete compression bleck
has littde influence on the analysis and design of
reinforced concrete rectangular sections.

Kay words: Simplified siress block, Siress-sirain,
Purabolic-Rectangular, Flexure in RC secfions

INTRODUCTION

Ultimate limit stote (ULS) design is the critical
condition for strength, it is & method based on
designing structural members to their maximum
load carrying capacily. In designing reinforced
concrete beams according 1o ULS, the constituent
materials — hoth concrele and reinforcement — are
supposed to be subjected to their design strengths,
ULS method makes proper wtilization of the full
strengths of the materials; and hence it is a realistic
design approach that is widely adopted in many
codes of practices including the Ethiopian Building
Code Standards (EBCS).

The behavior of concrele under compressive
loading hes been extensively studied. Direct
compression test resulis conducled on concrele
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specimens  display 2 non-linear  §tress  strain
behavior. Studies on the flexural behavier of
concrete performed on speeially prepared specimen
subjected to pure bending exhibit non-lincar stress
strain patterns [1-4]. The determination of the total
compressive force in the concrete mass and ils
location thus becomes an intricate sk,

The shape of the concrele compressive stress
blocks in beams subjected to flexure has Lo reflect
the concrele stress-strain diagram. To represent the
inelastic stress-strain hehavior for the flexural
analysis and design of reinforced concrete beams,
simplificd shapes are recommended lor practical
cases. The most widely vsed shapes of concrele
compressive block  are  parabulic, parabolic-
rectangular, simplified-rectangular and  bi-lincar
(trapezoidal).

In this study, analytical investigation is performed
to examine the effect of the shape of the assumed
concrete compressive stress block on the analysis
and design of a given reinforced conerete beam
seclion subjected to pure bending. Furthermore,
numerical investigation has been performed to
assess the implication of the derived equations, OF
the many possible shapes of the conorele
compressive stress blocks, this study focuses on the
porabolic-rectangular  and  the  simplificd-
rectangular shupes as these are the two muin
idealizations of stress-strain diagrams for concrete
recommended text books and code of practices,
including the EBCS. As both are simplifications of
the inelastic stress-strain relationship, the lerm
*simplified’ would be misleading and it is not used
henee-forth in this work.

The investigation is based on making use of the
mechanics of singly reinforced rectangular concrete
sections subjected W pure fexure. The study also
tries to observe the effeet of variation in material
properlies, i.c., changing the concrete class und Lthe
grade of steel reinforcement used.
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STRESS — STRAIN RELATIONSHIFIN
REINFORCED CONCRETE

Shapes of Conerete Compression Block

Extensive rescarch has been eomducted to study the
actual stress-strain relationship of concrele under
direct or Nexural compression, Such investigations
clearly show that the concrete siress-strain
distribution is inelastic and it consists of a rising
curve from zero o the maximum stress tnd o
descending curve beyond the maximum stress, I
becomes difficult to express the setual siress-strain
relationship in mathematical terms. To overcome
this difficulty, different shapes of  concrele
compression blocks have been suggesied and are
being in use, the most common ones being
parubolic, parabolic-rectangular, rectangular and
trapezoidal, Scarching for simplification of the
concrete stress-strain relationship, and hence the
concrete compression force, is a long-standing and
still an active research area [4, 9, 10]. A few of the
other assumcd shapes of conerele compressive

stress biocks that have been proposed through time
arc shown in Fig. 101, 4).

Basic Assumption

Apart from having a simplified concrete stress
block, further simplifying assumplions  are
employed in the analysis and design of reinforced
concrete sections subjected 1o fiexure, such as:

s plane sections remain plane after bending,

= jenstle strength of concrete is neglected,

s concrele is assumed to fail in compression

= when the stroin reaches g, which equals
0.0035 tor bending and 0.002 for direel
COmpression,

= the maximum tensile strain in the
reinforcement is-taken to be 0.01.
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Figure 1 Different assumptions of the shape of stress-strain diagram in conerete
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Significance of the Shape of the Assumed Concrete

As a result, the strain profile over @ reinforced
coneréle beam section is linear and the strain lines
that correspond o the various failure types are
depicted in Fig, 2(5, 14},
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Figure 2 Possible strain dingrams in RC sections

' FLEXURAL ANALYSIS OF REINFORCED
CONCRETE RECTANGULAR SECTIONS

Analysis of the Various Failure Types

From the strain profile in Fig. 2 case I as shown by
the straight line corresponds o o state of strain in
which both the extreme concrele compressive
strain and the tensile reinforcement reach thelr
ultimate and yield values, respeetively, at the same
time. This is usually referred to as the bafanced
Sutlure case, The corresponding location of the
neulral axis 15 given by:

700

= 1
700+ £ W

Xpat

To puaranice @ balanced failure condition, a
specific amount of reinforcement, Ayay, would be
required. This is an ideal amount of reinforcement
which would rarely he attained in practice as there
are a number of other factors governing the
provision of reinforcements in a seclion, A lower
amount of remforcement than A, s would lead o a
fallure mode characterized by the first yielding of
the tensile reinforcement, usually classified as
tension failure, Cases Il and 111 in Fig. 2 are both
fension foifure conditions, In case I1 the strain in
the steel al failure is greater than the yield strain
but it is less than 0,01, i.e. the maximum permitted
strain in the tensile reinforcement; and the extreme
congrete compressive strain attains the value
0.0035. In casc I, the strain in the tensile
reinforcement reaches (.01 bul that in the concrete
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would be less than 0.0033, For the derivation of the
analytical expressions, further two special cases of
case Il arc identiffied based on the exircmc
copcrete  strain (cither the  extreme concrete
compressive strain lies between 0,002 and 0.0033
or it Is below 0.002) Finally case IV Is a section
characterized by a higher amount of reinforcement
than Agsw 1t represenis the situation where the
extreme concrete compressive sirain reaches e,
while the strain in the tension reinforcement is
below the &, a case usually referred as
compression  [ailure. If code recommended
guidelines for the design of ductile sections are
properly  employed, case IV ecould never be
encountered in practice,

Resultant Conerete Compressive Foree and Its
Lucation

A singly reinforeed rectangular section with both
Par-Rec as well as Rect compressive stress blocks
is shown in Fig. 3. The necessary paramelers fon
the analysis and design of an RC section can be
determined by using equilibrium condition of the
forees as well as compatibility of $trains on the
scction,

Without going into the routine derivation process,
the analytical cxpressions for the concrele
compressive force ratio — e the dimensionless
quantity &_obtained by dividing the resullant
compressive force under the assumed compressive
block by (fu bd) is provided in Table 1. Using the
compressive stress bBlock and the strain diagram,
expressions are also derived in Table 2 lor the
neutral axis depth coefficient (=l and the distance
from the extreme compression (ace to the resultant
compressive force in the concrete (). These
values are the most essentiol parameters for the
analysis and design of reinforced conerete section
subjected to pure bending [6,7,8,9,14].
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Figure 3 A reinforced concrete rectangular section (A). Strain diagram (B), Parabolic-rectangular stress hlock

() and Rectangulur stress block (D)
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Reinforcement Ratio and Design Moment
Capacity

An  expression for the reinforcement ratio g
required for foree equilibrium in the section at ULS
cun be obteined from eguilibrium of forces on the
section, as shown in Edq. (2)

Lfi= _Ifm, Jor Cases §, 01,01
=g, Joi here l=xid ;
! f, =% Jor Cases IV
‘ xld

{2)
The bending moment ratic g, a dimensionless
guanlity oblained by dividing the design momcnt
capacity of the section by the value (fu b d N s

given by La. {3}
¥
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Relationships among x4 vs p, a. and p

The significance of the derived analylical
expressions 35 made  spparent i relationships
between the x/df ratio and the values of the p, a,
and g arc ecxplored, With the aid of a specially
prepared Excel table Table 2, comparison of the
above three paremeters Tor all the possible valucs
of x/d at ULS are computed for €25 conerete and
S300 steel. As recommended in ERBCSZ for a
ductile failure of the section, an upper limit for x/d
of (448 has been accounted for in the derivation
process [5], For other combinations of concrete and
steel, only the concrete class and the steel fi, values
in part 1 of Table 2 need to be replaced with
appropriate value; other parts of the table are
automatically updated, The corresponding results
of 2/d vs. p and x/df vs. u are subsequently plotted in
Fig. 4 and 5 (7).
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Stgnificance of the Shape of the Assumed Concrete

Table 2: Relationships between x/d vs i, @ and p for Par-Rec as well as Rect stress blocks for €25 and 8300

1 1i B
Concrete
Steel fia 300 | Mpa Je 11.33 | Mpa
f 261 | Apa
£ | 00035
Ye 1.5 gy | 0.00]
¥ 1.15 P | 00253
E, | 200000 | Afpa xiyy | 0.7285
m
x/d i [ L
Par- Par- Par-
Hee Reet Ree Rect Hee Hect
0.00 0.00000 | 000000 | 0.00000 | 0.00000 | 000000 | 000000
0.05 0.00052 | 0.00174 | 0.00850 | 0.01740 | 0.01680 | 001700
0,10 000197 | 0.00348 | 0.03500 | 0.05780 | 005580 | 0.05550
15 0.00406 | 0.00521 | 0.08040 | 00060 | 010030 | 0.09460
.20 0.00637 | 000695 | 014670 | 0.16000 | (.15340 | 014720
0.25 0.00869 | 0.00869 | 0.20000 | 0200040 | 018620 | 018000
0.30 001101 | 001043 | 025330 | 0.24000 | 0.21460 | 0.21120
0.35 0.01231 | 0.01216 | 0.28330 | 0.28000 | 0.23920 | 0.24080
.40 001407 | 001390 | 032380 | 032004 | 0.26680 | 0.26E80
0.45 001583 | 0.01564 | 0.36430 | 036000 | 029260 | 0.29520
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NUMERICAL EXAMPLES

To clearly see the Implication of the wvarious
expressions derived in this study, wo numerical
examples  are  provided here for the two
compressive stress-blocks in comparison. The first
example presenis the difference in the case of
analysis probiems; the second considers & design
problem.

Design Moment Capacity of an RC Section

Delermination the design moment capacity of a
section is a typical analysis problem in RC. In this
seclion, it is required io determine lhe design
moment capacity of a given RC section with C25
concrete,  S300, b=250mm, d=450mm, -and
As=3@24. The result is tabulated for both sections
in Table 4.

Table 4 Comparison of Analysis Resull

Parabolie-
Rectanpular | Rectangular
Stecl Ratio p 0.0121 0.0121
xfd 0.343 0.347
A ] ox:m 0.2391

The design moment capucity of the section is thus
134 91kM-m in the case of Par-Rec and 137, 14kN-
m for the Reel stress block, showing a devigtion of
1.6%.

Design of the Amount of Reinforcement

Given a rectangular RC section with h=30mm,
d=550mm, C25 concrete end S300 steel, determine
the required reinforcement if it is subjected to a
design moment of 300kN-m.

The results, as oblined from Fig. 4 and 5 are given
in the Table 5,

Table § Comparison of Design Results

Par-Rec Rem

H 0.2431 0.2431

xid 0.357 0.354

Steel Ratio p | 0.01256 0.0123
The reaquired amoeunts of  reinforcement are

2072mm® and 2030mm’, for Par-Rec as well as
Rect stress hlocks, respectively. Though this shows
g 2% deviation, the actual amount of steel provided
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would most probably be identical, such as
providing 3@30,

CONCLUSION

Analytical expressions for parabolic-rectangular as
well ax rectanpular shapes of concrele compression
blocks have been developed, This has been
performed considering all the possible stress-strain
ranges that an RC section could attain at failure.
The analytical expressions [or the porabolic-
rectangulnr  block nre complicated while the
counterparts [or the reciangular stress-block are
simple, Similar expressions can be derived [or
doubly reinforced, T- and L-sections. But, further
complications exist when analyzing a non-
rectanpular cross-section for the case of the
parabolic-rectangular stress block,

Graphs have also been prepared showing how the
reinforcement  ratio p and  design  moment
coeflicient p vary for the two compressive siress
blocks with varying xd The MS Excel table in
Table 3 provided a practical platform which eases
the investigation of the effect of the shape of the
assumed concrele compression block us well as the
type of material used. By updating the concrele
class and grade of steel, all computed values and
graphs are automatically updated.

Because of its simplicity, the rectangular stress
block is favored in text books [11,12,13] and
equally recommended in a nomber of major
nalional codes including ACI 318, BS K110,
Burocode 2. Indian standards 1S 456, ete [14,15].
Many software have Implemented the rectanpuiar
stress block option in the design of RC sections 10
T1ILS [16.17]. The only weakness of the rectangular
stress block is that it does not provide a clear
picture of the siress profile in the concrete when the
section has a small amount of tensile reinforcement
that leads te case 11 failure types, see Table 1[7].

1t was also shown in this study that the shape of the
concrete compression block has little impact on the
analysis and  design  of reinforced concrelc
rectangular sections, Because of its ease and
convenience in actual computation, its suitakility to
implement in computer programs, and its seamless
adoptubility Tor non-rectangular cross scctions, the
author recommends the reclangulor stress block to
be used in all practical cases and especially in
iraining prospective engineers.

Finally, it should be noted that the results are
applicable o normal strength concrete (for conerele
classes of up to C30). In the case of high strength

6l
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congrete, proper adjustments are required on the
concrete compression block and the maximum
congrete compressive strain as recomumended in
Eurccode 2[11,12,15].
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