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ABSTRACT

This paper presents dyramic behaviour analysis and
time history of responses of a flexible arm. Lagrange
equations are employed to develop the governing
equations of motion which are discretized by using the
Sinite element method. An illustrative example of a
pin-pin beam-like flexible arm is treated and results
obtained are presented.

INTRODUCTION

In most engineering applications, analysis of multi-
body systems or mechanisms is done under the
assumption that links are rigid. A link is assumed to be
rigid if any pair of its material points do not allow
relalive displacement. In practice, however small the
deflection may be, any loaded link is subjecled Lo
defarmations which, in most cases, may be negligible.
But in special applications like spatial structures, robot
arms and manipulators, high speed machine elements,
elc. where light weight is of great importance, these
deformations play an imporlant role in the dynarnic
analysis. Imposed weight limits on light structural
elements result in highly flexiMe systems Thus,
dynamic analysis of flexible manipulators, such as
robot arms, which takes mto account the non-rigidity of
the elements is essential.

Dynamies of flexible bodies is an area of on-going
research and many researchers have concentrated their
efforl in the analysis of such systems. The methods for
the analysis of flexible mulli-body systems are divided
into three groups:

(a) simplified method based on elasto-dynamics,

(b) methods based on defining deformations with
respect 1o moving reference frames, and

(¢} methods that define the overall moticn plus
deformation with respect to an inertial frame [1].

Sunada and Dubowsky [7] used the simplified elasto-
dynamic method in which the deformation is uncoupled

fram rigid-body motion. This method does not account
for coupling lerms which may influence the results. For
general purpose applicalions where coupling terms
strongly influence he solution, the dynamic analysis is
based on the second method. Serena and Bayo [4],
Song and Haug [5] applied the second method in which
rigid-body variables and deformation variables are
usexd 10 express the deformation with respect to moving
frames. Moreover, they applied finite element
discretization of the flexibie body, where deformation
variables were considered by nodal variables resulting
from the finute element discretization. This method has
the advantage in that it makes use of known linear finite
element theory. The third wnethod uses large
deformation theory which develops nonlinear finite
clements in the formulation using variables Lhat define
rotalion, translation and deformation of the body at Lhe
same time.

In this paper we will discuss the dynarmnic formulation
of the probiem of flexible manipulators based on the
method of defining the deformation with respect to a
mwving frame of reference. Following Serna and Bayo,
FEM descretization of the flexible body is used to
determine deformation varnables from nodal variables.
The method presented 1s then dernonstrated by
apphying the theory 1o a pin-pin flexible arm. The FEM
solution presented hercin can easily be extended to
include various cross-sectional behaviours and
boundary conditions of the fiexible arm.

KINEMATICS OF THE PIN-PIN BEAM-LIKE
ARM WITH CONSTANT CROSS-SECTION

Consider the beam-like arm OA fixed at O that
represents a flexible body which vibrates under pin-pin
conditions. The reference system (x,)J is a moving
reference system that moves along wilh (he arm. The
reference @ characterizes the rigid body motion of the
arm. The elastic deformation of the arm 1s measured
relative to the reference @ and the slope of the elastic
deformation is measured by Lhe angle 0.
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From the kinetic and potentia] energies, Eqgs. (9) and
{12), we obtain:
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Substituting into Eq. (14), the equation of motion in
mairix form 1s written as

L, M|l 1o offe
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where
M, is nxn mass matrix as obtained from the
finite element model;
I, is the mass moment of inertia of the arm
about O,
K, is nxn stiffness matnx,
O is (n+1) x 1 load vector;
¥ 13 the vector of nodal point displacements; and
g is the ngid body rotation of Lhe arm.

=@ s

Mg+ Kqg =0 (16

where
Mis (n+1) x (n+1) mass matrix, and
K 1s (n+ 1) x (n+1) stiffness matnx.

NUMERICAL EXAMPLE
Consider the {lexible arm OA shown in Fig. 4(s)
subjected to Lhe torque T applied at pin O for Lhe first
0.5s wilh the magnitude shown in Fig. 4(b). The
dynamic behaviour and time history response of he
arm are analyzed for 2s.

Ammn charactenistics are:

P=15m, T - 10" 4 - 1077
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Figure 4 A flexable pin-pin arm subjected to
aforque

The flexible arm GA 15 modelled by a four-element
FEM model shown in Fig. 2. For each element of the
modelling, the element mass matrix is obtained by
numerical itegralion using Gauss quadrature with four
sampling points from the equation

M = fDL‘p,-‘lH(x)TH(x)dr

The element coupling mass vector Mf) 15 calculated
from

MP - fa “pdxH(xdx - 7MY

Using four sampling points for calculating the elemnent
MASS IMProves BCCUracy.

For element 1,

rf=0 10375 1]

Hence, Mf) for element 1 is obtained to be

MP= [0 1 0375 1] g7
- [0.0169 00014 0.0349 -0.0021]7
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" rrving out this operation far the remaining three
-lemenis and assembling, we obtain the global
coupling mass mairix A, to be

A =,0.0014 0.1125 00028 02250
<0028 0.3375 0.0028 -00126]"

[he element stiffness matrix is obwined again by
nurnerical integration using Gauss quadrature with two
sampling pownts from the equation

K, = [“HVENH @ldx
0

The wioba mass and stiffness matrices are obtaned by
assermbling the element malrices. Thus the equation of
motion in & discretized form can now be written as

M+ Kg - 0 (17N

where Af and X are the global mass and stiffness
mairices; {13 the forcing vector; and g is the vector of
the nodal displacements and rigid body rotation. The
stiffvess matnix X has zero entries in the first row and
first columnn. Thus to be able to determine the nataral
frequencies of the system, the first element of X is
given a very small magnitude to eliminate singularity
conditions.

Eq. (17) is solved by using Newmark algorithm [2]
with  the initial conditions given by
q(0) = ¢(0) = §O) - 0.

RESULTS

1. Lmear displacement of the tip A4 is ®btained from
ngid-body motion and elastic deformation of the
arm, and 1s given by

v, = Lg,.

Flexibility of the arm is included in the
determination of ¢,

2. Angular displacement of the arm is composed of
rigid body motion and the elastic deformation
and 1s given by

g, =¢ + 0

Rigid-body motion charactenstics of the arm are

shown in Fig. 5. Plot of the linear displacement

of the tip of the flexible arm is shown in Fig. 6.

Figure 7 represents the hub rotation of the
- flexable model.

a
¢
v
disp !
t

Figure 5 Motion charactenistics of the
ngid model
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Figure 6 Total displacement of the tip of the arm
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Figure 7 Total hub rotation
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